On Welfare-Centric Fair Reinforcement Learning
Supplementary Appendices

A Proof Compendium

We now compute the per-state sample complexity for an («, 8) approximation of the MDP M.
Lemma 4.3 (Per-State Sample Complexity). Suppose MDP M = (S, A, R, P,~), and let
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where Riyax = maxXses acal|R(s,a)|| ., € [0,00]. Now if M is estimated from My samples of each
state-action pair, then, with probability at least 1 — 8, M is an a-f approzimation of M.

: (4)

Proof. This result is an adaptation of proposition 2.1 of (Agarwal et al., 2022). For any state s
and action a, let E , s and E; , ,, r represent the corresponding next-state and reward buffers of
length m. Let e, € {0,1}S! such that (es)s = 1 and all other entries of e, are zero.
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P and R are maximum likelihood estimates of the transition and reward functions. Furthermore, for
any vector v € R'S‘, we can write

v = Ssu u-v .
v]l1 ue{ﬁw (6)

Thus, we can bound the ||-||; error in the transition probabilities as
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Here u - ey is a random variable with range 1. Applying Hoeffding’s bound at confidence level
§ € (0,1) and taking a union over all (s,a) pairs as well as overall u € {—1,1}15!, we get with 1 —§
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Note that we have excluded w = —1 and uw = 1 as they do not contribute to the bound.
Similarly, we can bound the [|-||  error in the empirical reward vectors as

max | R(s,a) = R(s, a)]loc = max max|Ri(s,a) = Ris,a)| (9)
acA acA

Applying the two-tail Hoeffding’s bound and taking a union over all (s, a, ) tuples, we get with 1 —¢
probability,
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Combining results in (7) and (10), and using the fact that ¥(s, a, ) tuples, TVD (T"(-|s,a), T(:|s,a)) <
a, |R(s,a) — Ri(s,a)] < S, we get with 1 — § probability,
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Lemma A.1 (Simulation). Suppose that M’ = (S, A, P',R’,~) is an («, 3) uniform approximation
of a vector-reward MDP M = (S, A, P,R,v). For any policy m € Il and groupi € 1,...,g, let V]
and V'™ denote the value function of the policy w in M and M’ respectively. Then,

™ 28 + yaRmax
VTV < =—-~—"722% 12
V7 = Ve < T (12)
Furthermore, for any € € Ry, setting 8 = ayv/Rmax and a = 2¢(1=)?/(2y/ Ruax+7 Rumax) Yields
V7=Vl < . (13)

Proof. This result is due to Agarwal et al. (2022), and is an improvement over the classical Simulation
Lemma (Lemma 1 in (Strehl et al., 2009)).

For any policy m and group 7 € 1,.. ., g, we will use shorthand V™ to represent V,”. We will prove
the result for a single group and the same result directly follows for the rest of the groups.

For any state s € S and policy 7 € I,
VTV oo = V'7(s) = VT
|| e = max [V77(s) = V7(s)

= | Z 7(s,a) (R’(s, a) +vP'(s,a) V'™ — R(s,a) — vP(s, a)TV’r> |
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Note that we subtract % 1= 21(3‘1“‘_";) -1 from the value function V'™ to center its range around the

origin, which uses the fact that both P(s,a) and P’(s,a) are transition probabilities that sum to 1.

The second result follows from simple algebraic manipulations. O

Lemma A.2 (Simulation under T-E Reachability). Suppose MDPs M, M with transition functions
P,P and reward functions R,f{, and some known set 8" C S such that for all s € 8’ and a €
A, it holds that TVD (P’(-|s,a),P(-|s,a)) < a, andHR'(s,a) —R(s,a)Hoo < B, i.e., M (e, B)-
approxzimates M over 8’. Suppose also some state s such that no policy in M can reach S\ 8’ within
T steps with probability at least E. For any policy w, let V™ and V™ be the value functions of ™ in
M and M, respectively. Then

1 <2B + aYRimax
Y

V™ (s) = V™(8)|loo < - 31— ) + (E + oT)Rupax + VTRmaX) . (15)

Proof. Without loss of generality, we will prove the upper bound on the error in the value functions
of one group, i.e., we will assume scalar rewards. The claim in the lemma will then directly follow
from this result.

Let p represent the probability of reaching S\ &’ from state s while following policy 7 for T steps in
M, ie,p=P(\_ s €S\S|m s0=s55=P,_,).

V7(s) = VT (s)| = [V7(s) = V7(s) + V7 (s) = V"(s)]

< V™ () = V™(s)| + [V (s) = V™ (s)| Triangle Inequality
< W + V™ (s) = V™ (s)] Lemma A.1

2@?'10‘_75)‘;&" pl R:“ax +(1— p)vflim;" See Below
L (B e ) 9

The step marked See Below follows from the fact that MDP M (a, B) approximates MDP M and
therefore, with probability at most p < F+ T, policy 7 will escape S’ in M before the completion of

T steps and gain at most Pl‘rj‘j;‘ additional returns, and with probability atleast (1—p) <1—(F —aT)

T
policy 7 will escape &’ in M after T steps and gain at most 7377‘“‘ additional returns. O

Lemma A.3 (Welfare Approximation Error). Suppose that for any state s € S,

N €
sup [|[V™(s) — V7(s < = .

Then, any M|, Lipschitz welfare function W(-) satisfies
v [ WV (s) = W(V(s)| < 5
Hence, the empirical-welfare-optimal policy & = argmax, cyy,, W( % ”(s)) obeys

W(V7(s)) > sup W(V”*(s)) —c.

T*ellpm

Proof. The first result simply follows from the Lipschitz property of the welfare function W(-). Since
W is M|-||, Lipschitz, we can write

v [W(VT(s) = W(VT ()] S AIVT(s) = V7 (8) oo - (16)
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< WV(V7T (s)) — W(V”(s)) +W(V”(s)) —W(V7™(s))| # is welfare-optimal in M
< |W(v~ “(s) ) — W(V”(s))| + |W(V”(s)) —W(V7(s))] Triangle Inequality
SAVT(5) = VT (5)lloo + AV (s) = V7 (5) ]l A-||-[loe property of W(')
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Lemma A.4 (Explore or Exploit). Suppose the empirical MDP M estimated by algorithm 1 at any
timestep («, B )-approzimates M over S \ Sunk, and ?(‘f”m;‘ > 1 and E € (0,1) holds. For any state
s € S, let escape policy mesc be the T-step temporal policy that maximizes the probability of reaching
Sunk from s, i.e., Tese = argmax, cpp,. P (ST € Sunk | S0 = 8, 8¢ ~ ﬁ(st,lﬂr(st,l,t))) and let pesc be
escape probability of Tesc. Let welfare-optimal policy 7* = argmax, .y, VV(V7T (s)) and exploit policy
Txplt = argmaxﬂenM \7\7(\77r (5)) If pesc > E, then, executing mese Teaches Suni within T steps with

probability at least , otherwise mypy s e-welfare-optimal, i.e., W(V“"P“(s)) > W(V“*(s)) —e.

Proof. We will prove this result by deriving the values of «, 3, and T, and note that these are the
values that are used in algorithm 1.

First, we will show that for threshold E, when pes. < E, then the optimal policy is e-welfare-optimal.
We lay out the boundary conditions that are necessary but not sufficient to prove this result.

(1) E>aT
()T €Zy (18)
(3)0<E<1.

The first condition is necessary to ensure that the escape probability is positive and that the lower-
bound on the escape probability, i.e., E — T is also positive, the second condition is necessary to
allow escape to Synx when there does not exist any e-welfare-optimal exploit policy, and the third
condition ensures that the escape probability threshold E is valid, i.e., it lies in the range (0, 1). If
E =1 then the agent always explores, and if £ = 0, then, the agent always exploits, thereby making
it infeasible for the agent to learn and guarantee that all exploit policies are e-welfare-optimal.

From lemma 4.3, we know that for any state s € S, if sup,.cp,, HV”(S) - V”(S)H < 5y, then, T
is e-welfare-optimal, i.e., =
WV (8),--, Vi () = WV (), Ve (s)) < e (19)
Note that 7 = mypi¢ in lemma A.3.
From lemma A.2, we can write,
T Ve 1 2ﬂ + a’yRmax T
sup HV s)—V SH < ( + (E+oT)Rmax + 7 Rmax | - 20
(Vo) = V)| < s (T (ol Ra (20)
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Note that in algorithm 1, the escape probability of any exploit policy 7 is upper-bounded by E + oT
in M.

Therefore, combining (19) and (20), we obtain that mp; is e-welfare-optimal if

< — .
T 2A

28
Rmax R +Ol’y T
max +(E+aT)+7~y
17( 21— TETD

We need to find values of T, E, «, 8 such that they satisfy the equations in (21) and (18).

First, we set E = 2aT so that the boundary condition E > oT is satisfied and the lower bound on
the escape probability E — oT is positive. Next, we set § = av/Rmax- This is the optimal value of £
in lemma 4.3. Note that these assignments for £ and 8 do not violate the boundary conditions in

: T (=)
(18). Then, we find the smallest 7" that satisfies 7" < G

This gives us

6ARmax
T = logl —__max 5 (22)
" \e(l=7)
with an additional boundary condition that %%j;i‘ > 1. Note that we assume this condition holds in

the lemma statement.

Substituting the values of T, 8 and E in (21), we get

2
+7
o, Bmax (FR ) +3T> < (23)
Y

£
11—\ 2(1- 3N

Solving for a, we get
c(1—v)

3ARmax
o = 5

+v '
(VRW) ) +3T

2(1—~
Finally, we obtain E by substituting the values of & and T in E = 2aT.

In the case where pese > F, Tesc Will result in reaching Sy, in M with probability atleast £ — oT =
E— % = % This follows from the fact that the transition probabilities of M are a-TVD approximation
of the true transition probabilities P and therefore, we may incur at most o1 error in the T-step

escape probability of the exploit policy. O

A.1 Handling failure probabilities of E4

Our main result, theorem 4.4, guarantees that algorithm 1 achieves an e-optimal-welfare performance
with probability at least 1 — 4.

There are two sources of failure for this algorithm. The first one is the error in the approximation of
the rewards and next-state transition probabilities for a known state s € § \ Sunk. The second is the
set of attempted explorations that may fail to generate sufficient balanced wandering steps to result
in a new known state.

Similar to (Kearns and Singh, 2002), we handle these failures by allowing each of these failures to
occur with at most /2 probability.

The first probability of the failure can be controlled using Lemma 4.3. To address the second source
of failure, we treat each exploration attempt as a Bernoulli random variable with a probability of
success being at least £ — ol = %, as derived in Lemma A.4. This probability of success indicates
that the exploration policy 7esc results in at least one step of balanced wandering. In the worst case,
every state must be known before algorithm 1 returns an exploitation policy mypit, i.e., we must
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observe S Amy,,, balanced wandering steps before we can exploit. The following lemma bounds the
number of attempted explorations required to have fewer than SAmy,,, balanced wandering steps
with at most é/2 probability.

Lemma A.5 (Number of Exploration Attempts). For a given MDP M = (S, A, P, R, ~), confidence
level §, welfare-optimality error €, horizon T, the probability of having fewer than SAmy,, balanced
wandering steps is less than 9/2 if the number of (T-step) attempted exploration is

2p? ’

n(2
wherep=E —oT = £, k = SAmy,y, and f = ! (20)

Proof. Recall that each exploration attempt is a Bernoulli random variable with a probability of
success at least % as derived in lemma A.4. Thus, we can use the additive-Chernoff to compute the
number of attempted explorations required to have fewer than SAmy,, balanced wandering steps in

the worst-case, where every state must be known.

Let X1, X5, X3,...,X,, denote independent Bernoulli random variables that take value 1 with
probability p and 0 otherwise. Suppose that X = >"" | X;, then

P[X — E[X] > —Vnh] < e . (26)

Suppose that £k = SAmyy,,. In our setting, p > E — oT = %, n = Ma and E[X] =pn = (g) Ma

and k = pn — \/nh. Therefore, h = %.

2

Setting e~ = /2, we get

p?n? + k2 —2pnk —nf =0, (27)
where f = %ln (%) Solving the above equation, we get

2
My = — 2pk + f +2\p/24p/€f + f . (28)

We note that in order to bound the total number of exploration actions in algorithm 1, my,,, must be
computed using lemma 4.3 with confidence level % since we only allocate g failure probability for the
approximation of next-state transition probabilities and rewards. The rest of the failure probability
)

5 is assigned to the failure in exploration attempts. O

A.2 Proof of Theorem 4.4

Theorem 4.4 (E* is KWIK-AF). Algorithm 1 is a KWIK-AF learner that learns M w.r.t. the class
of all M|-|| . Lipschitz welfare functions, with sample complexity

1 1 1
m(s, 5,‘S| a|A| 5 Rmax7g) S POly <|S 7‘“4' 710gg,Rmax7 )‘, g710g ga 1')/) .

Proof. Recall that an algorithm is a Kwik-AF learner if the following two conditions are satisfied
with high confidence 1 — § : (A) The number of exploration actions is polynomially bounded, and
(B) all the exploitation policies are e-welfare-optimal.

We now verify that the number of exploration actions in algorithm 1 is polynomially bounded.

The total number of exploration actions is given by the product of number of exploration attempts
made by the algorithm (M,4) and the horizon of the temporal escape policy (T'). Note that in the
worst case, every state must be known before algorithm 1 returns an exploitation policy mypi;. From
lemma A.5, we know that for a state to be known, each action in that state must be observed my,y
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times. Thus, we require S Amy,,, balanced wandering steps in the worst case. Lemma A.5 bounds
the number of exploration attempts (M A), such that the probability of having fewer than SAmy,,
balanced wandering steps is less than 2 5. Note that this bound is polynomial in E, a;, myyy, and
T. Furthermore, from lemma A.4 and lemma 4.3, we know that the values of F, «, mypn, and T
themselves are polynomial in &, 0, |S], |A|, ¥, Rmax and g. Thus, we confirm that the number of

exploration attempts is polynomially bounded with probability at least 1 — g.

Next, we consider the second condition of the KwIK-AF framework, i.e., all exploitation policies
must be e-welfare-optimal. Recall that algorithm 1 returns an exploitation policy only when the
escape probability of the escape policy is less than the threshold E. In lemma A.4, we show that
as long as M (a, B) approximates M over S \ Synk, and 6’2?“‘33‘ >1land F € (07 2) holds, all
exploitation policies returned by algorithm 1 are e-welfare-optimal. According to lemma 4.3, the
assumption M (c, B) approximates M over S\ Suni fails with probability at most g when the number

|S|_ 2
of per-state-action pair sample size (myny) is set to [ln (M) max (ﬁ, Rig;"ﬂ Note
that this is the value of myy,,, used in algorithm 1. Thus, we confirm that all exploitation policies

. . . o P
returned by algorithm 1 are e-welfare-optimal with probability at least 1 — 5.

Applying union bound over failure probabilities of both conditions (A) and (B), we obtain that both
conditions are satisfied with probability 1 — & over the course of the E* algorithm. Therefore, E* is
a KWIK-AF learner.

We show theorem 3.4.

Theorem 3.4 (Policy-KWIK and PAC-MDP Learners). FEvery policy-KWIK learner that outputs
deterministic policies is a PAC-MDP learner, in the sense that executing an exploitation policy or
exploration action at each timestep produces no more than m(e,d,|S|, |Al, 7, Rmax) total mistakes
(i.e., e-suboptimal actions) with probability at least 1 — 4.

Proof. We proceed by accounting for all timesteps ¢, and bounding the number of such steps at
which an e-suboptimal action may be taken. The output topology of policy-KWIK and PAC-MDP
algorithms differ slightly, as policy-KWIK to learners sometimes output policies instead of actions,
however, we bridge this gap by choosing a; < m(s¢) to select the action our constructed PAC-MDP
algorithm will take, i.e., we convert a policy m; to the action a; taken at the current state s; by
m. In particular, at each successful exploitation step, we show that the action a; is e-optimal, and
furthermore, while each exploration step may be arbitrarily suboptimal, we need only show that the
number of exploration steps remains bounded.

Note that by definition 3.3, with probability at least 1 — ¢, the total number of exploration actions
taken by a KWIK-AF learner over all time does not exceed m(e, 9, |S|, |A|, ¥, Rmax). We thus conclude
that with probability at least 1 — §, no more than m(e, d,|S|, |A|,7, Rmax) €xploration steps occur,
each of which may be a mistake. Furthermore, subject to this same probabilistic event, all exploitation
policies will be e-optimal.

Now, to show the PAC-MDP mistake bound, it suffices to show that outputting a near-optimal
(deterministic) policy 7 is sufficient to output a near-optimal action (in the PAC-MDP sense) at s, in
particular 7(s). In service of this result, we now introduce the state-action value function

Q" (s,a)=  E lZv

ar~T(se)
St+1~P(st,at,-)

s1~P(s,a,)

S0 =8,a0 = a] = E [R(s,ﬂ(s)) +V7™(s1)

Now, observe that

max Q" (st,a) —e < Q™ (s, mi(se)) = Q™ (54, a¢) < Q" (54, a¢)
N —— ————

——
KWIK MDP PAC-MDP
OPTIMAL

21



Note that m:(s;) is deterministic given s; by assumption, thus taking any such action is e-optimal,
and thus not a mistake. O

B On Fair Planning

B.1 Proof of proposition 4.1

Proposition 4.1 (Welfare-Optimal Planning). For a concave welfare function W(-), the welfare-
optimal policy 7* = argmax, .y, W (V7 (s)) can be computed by first solving

d* = argmax W Z ds.oR1(s,a) Z d(s,a)Ra(s,a), .. Z ds.Ry(s,a) (3)
derSyA s€S,acA ses acA 965 ac€A
such that Vs € S : Z dso =po(s)+~ Z P(s',d,s)dy o
acA s’€S,a’eA
&

and then setting 77*(57(1) = ﬁ fO?” all s € S and a € A.
a’e A s,a

Proof. For any policy m, the objective W (ZSQ&GGA a7 Ri(s,a),. .2 0 cs.aca ds.aRy(s, a)) is
equivalent to the objective W(V™) (Wang et al., 2008). Furthermore, there is a one-to-one corre-
spondence between any policy 7 and the state action occupancy frequency d™, and thus, optimizing
policy 7w to maximize the group-welfare objective is equivalent to optimizing occupancy frequency d
to maximize the same objective. The optimization problem in (3) simply follows from using these
results along with the Bellman equation of the state-action occupancy measure in (2).

We note that the above optimization problem is concave in state-action occupancy measure d.This is
because the objective in eq. (3) is a concave function of an affine transformation of the state-action
occupancy measure d, making it concave as well; moreover, the constraints are also linear with
respect to d. Thus, we can solve the above optimization problem in polynomial time using any
convex-optimization algorithms like subgradient-ascent . We also note that the optimization problem
in (3) is similar in structure to the optimization problem for general convex MDPs (Zahavy et al.,
2021). Thus, we can alternatively leverage the algorithms proposed by Zahavy et al. (2021) to
efficiently solve the above optimization problem. O

We now show how to compute the welfare-optimal policies for the Nash welfare, Gini index, and
Egalitarian welfare objectives by posing them as instances of the problem in (3).

B.1.1 Planning for Egalitarian Welfare
The egalitarian welfare problem is given by

7" = argmax min V’T( ) .
TEI i€1,..

The above problem is equivalent to solving

d* = argmax mm Z d; .Ri(s,a)

dERSXA sed,. SES acA (29)
s.t.Zd+s,a:p0(s)+’y Z P(s' a,s)dy 4, Vs €S .
a€A s'€S,ac A
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Using simple algebraic manipulations, we can further simplify the problem in (29) as

d* = argmax t
deRSXA teR
>0

s.t.t < Z d;.Ri(s,a),Viel, ..., g
s€S,acA

st,a =po(s) +7 Z P(s' a,8)dg 4, Vs €S .
acA s'€S,a€A

We can derive 7* from the optimal state-action occupancy measure d* as shown in proposition 4.1.

B.1.2 Planning for Gini welfare

The Gini welfare optimization problem is given by

mF = argmax E w; - V7 (s) .
€l yer, g

The above problem is equivalent to solving

d* = argmax Z w; - Z ds.Ri(s,a)

deRSF ie1,...g s€ES,acA 31)
s.t. Z ds.=po(s)+~ Z P(s',a,8)dy 4, Vs €S .
acA s'€8,a€A

We apply the procedure described in proposition 4.1 to obtain the optimal policy 7* from the optimal
state-action occupancy measure d*.

B.1.3 Planning for Nash welfare

The Nash welfare optimization problem is given by

1
7 = argmax p/— H VT(s)P .
Tellpm g i€l,....q

The above problem is equivalent to solving

d* = argmax Z In Z d+ s,aR;(s,a)

deRS54 el g s€S,ac A (32)
Z stds o =po(s) +7 Z P(s' a,s)dy 4, Vs €S .
acA s'€S,acA

We apply the procedure in proposition 4.1 to obtain the optimal policy 7* from the optimal state-action
occupancy measure d*.
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